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Abstract 

We study harmonic and totally invariant measures in a foliated compact Rie- 
mannian manifold isometrically embedded in an Euclidean space. We introduce 
geometrical techniques for stochastic calculus in this space. In particular, using 
these techniques we can construct explicitely an Stratonovich equation for the 
. foliated Brownian motion (cf. L. Garnett [TT] and others). We present a charac- 

(3J[)[ terization of totally invariant measures in terms of the flow of diffeomorphisms 

of associated to this equation. We prove an ergodic formula for the sum of the 
1 Lyapunov exponents in terms of the geometry of the leaves. 
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The main topic of this article is to study harmonic and totally invariant measures in 



fNJ ■ a foliated compact Riemannian manifold M isometrically embedded in an Euclidean 

space. Our technique offers some tools for the geometrical analysis of stochastic 
processes in M, in particular, it allows one to construct explicitely an Stratonovich 



equation for the foliated Brownian motion (as introduced in the literature by L. 
[ Garnett [TT] , see also [I] , [B] and references therein) . 

Next section introduces the geometrical background, in particular we present the 
tension k in the tangent of the leaves which measures the difference between the 
divergent operator in M and the divergent operator in the leaves. Among others 
interesting properties, we prove that n is related to the Gobillon-Vey class of the 
foliated space (Proposition [1]). In Section 3 we put these geometrical tools to play 
with invariant measures: harmonic, totally invariant and holonomy invariant mea- 
sures (when they exist). We present a characterization of totally invariant measures 
in terms of the flow of diffeomorphisms of our foliated Brownian system (Theorem 
[T]), in the proof we use currents. Ergodic properties appears in the last section, where 
the main result is an ergodic formula for the sum of the Lyapunov exponents in terms 
of the geometry of the leaves: the tensor k and the mean curvature H (Theorem [2D . 
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2 Foliated Geometry 



We fix (M, g) a foliated Riemannian manifold without boundary. The foliation T 
is given by the integrable subbundle E of tangent vectors to P. 

We are interested in describing the foliated operators over (M, P, g) in terms of 
an isometric embedding of the Riemannian manifold (M, g) in an Euclidean space 
R^ as guaranteed by the classical Nash theorem. Let P : T~R n \m — > TM be defined 
by P(m, v) = P(m)v, where P(m) : R^ — > T m M is the orthogonal projection. So, 
the Riemannian connection V of M can be written as 

VyY = PdY(V), 

for all sections V and Y in TM. 

The connection V s is defined on E in terms of the orthogonal projection tt : 
TM Ehy 

Y = ttV v Y 

for all sections V € TM and Y £ E. 

The elementary differential operators we are going to deal with in the calculus 
in a foliated manifolds are the following (cf. [3]): 

Definition 1. Let f be a smooth function and X, Y sections of E, we define the 
operators 

a) foliated gradient grad E f = Tr(grad f); 

b) foliated divergence div E Y = TrE g(V E Y, •), where TrE is the trace on E; 

c) foliated Hessian Hess E (f)(X,Y) = XY(f) - V^Yf; 

d) foliated Laplacian A#/ = divE(gradE /)• 

The restriction to a leaf of the operators grad^, divg; and A^; are the corresponding 
operators on the leaf with the induced metric. The following lemma is a natural 
consequence of the isometric embedding of M into R^. In particular it gives a 
description of the foliated Laplacian Agasa sum of squares of vector fields over M. 
This will be useful to get the foliated Brownian motion as a solution of a Stratonovich 
stochastic differential equation. 

Let {ei : i = 1, . . . , N} be an orthonormal basis of R^. We denote by Xi the 
gradient vector field Pei and by Xi the foliated gradient vector fields vrXj. 

Lemma 1. Let f be a smooth function and X a section of E. Then 

a) grad E f = Yh=i x if x i, 

b) dw E (X) = Y:l l g(VlX,X i ), 

c) & E f = i:i 1 x?f. 

Proof. We first observe that 

N p 

} Xj (m) ® Xj (m) = } \ Uj (g> Uj, (1) 

4=1 4=1 

where the {ui} is an orthonormal basis of E m . 

Item (a) follows immediately from definition and the contraction of Equation ([1]) 
with df. 
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For item (b) note that 

dW E (Y) = g(V E Y,-)i^ 

\i=l / 

= g(V E Y,-) (^Xi{m) ® Xiim^J 

N 

= Y,9(VlX,X t ). 

i=i 

For item (c): By equation ([1]), we have that 

N 

A E / = ^(Vf.grad^JQ) 

i=l 

AT JV 

= ^X^grad^X,) - ff (grad E /,^ Vf .Xi). 



i=l i=l 

Therefore we just need to prove that X*i=i ^Jr-X = ^- ^ n or der to do this we define 
the projectors 

p = 7T oP Q = I RN -P. 
Then PoQ = QoP = 0. Using that 



PodP = -PodQ = dPoQ, 



we obtain 



AT AT 



i=l 
AT 

^Pd J P(P(e i ))(e J ) 
i=l 

AT 

^dP(P( ei ))gei. 



i=i i=l 
AT 



1=1 

By the invariance of this expression with respect to the vectors ej, we have that 
dP(P(ei))Qei = 0, showing the result. 

□ 

Definition 2. We define the tension k as the unique section of E such that 

g(n,X) = div E (X) - div(X). 

for all section X in E. 

Suppose that there exists a 1-form u in M, \\oj\\ = 1 determining a transversaly 
oriented codimension 1 foliation by E = Ker(u;), i.e. form u> satisfies uAdco = 0. The 
integrability of E guarantees the existence of a 1-form a such that du = a Auj. The 
1-form a determines the Godbillon-Vey class of the foliation by gv(w) = [a A da] £ 
H% R (M), see Godbillon and Vey [12], Moerdijk and Mrcun [15] or Walczak [19]. We 
are going to prove that the tension k is related to the Godbillon-Vey class: 
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Proposition 1. With the notation above, 

gv{oj) = [k° Ad« b ]. 

Proof. Denote by n = the nowhere vanishing vector field associated to oj. The 
following traces vanish 

N 

J29(Xi,ri)g(ir(V ri X),X i ) = 

i=i 

and 

N 

i=i 

Writing each gradient vector field Xi as 

Xi = Xi + 7]i, 

where r\i = g(Xi,r])r), then, for any X G T(E) 

N 

div(X) = Y.^x l X,X l )+g{V Xi X,N l ) + g(V Ni X,X l )+g(V Nz X,N l )) 

i=l 

= div E (X) + \\N\\ 2 g(V N X,N). 

Thus 

divpf) - div E {X) = g(X, -V N N) 

so, k = —VnX. On the other hand, since dw(X,Y) = for all X,Y G E and 
doj(N,N) = then 

du(X,N) = -u([X,N]) 
= g(N,V N X) 
= g(n,X). 

Since duj(X, N) = a(X) we get that a = K b . □ 

We denote by v{E) the normal bundle of E with respect to R^, that is 

v{E) = {(x,v), x G M, v G R^, such that v ± E x }. 

Definition 3. The second fundamental form a G T(E* <g) E* <g> v{E)) is the unique 
v(E)-valued bilinear form satisfying 

< a(X,Y),N>= g(PdN(X),Y) 

for all X,Y G and iV G !>(£)) . 

TTie mean curvature is defined by H = Tr E (a). 

Lemma 2. For a// v G R^ we /taue that 

< H,v >= -div E (P(v)). (2) 
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Proof. We observe that 

Vf X t = -Pd{Qe t ){v). 
In fact, consider the decomposition 

e; = Xi + Qei. 

Taking the directional derivative with respect to v and the projection P to E we 
have 

Pd{Pe,i){v) + Pd{Qei){v) = 0. 
Using this formula, we find that 

N 

div E (x i ) = ^(vf.JQ,^) 

i=i 

iV 

3=1 

iV 

= < Qei,a(Xj,Xj) > 

3=1 

= - < H,ei > + < H, Pa > . 



^E{Xi)Xi = ~Y J <H,Qe i > Pa = 0. 

i=l i=l 

For the proof of formula (jH) we calculate ||-ff|| 2 and use Lemma [2j 



□ 



Using that < H,P(e{) >= 0, the result follows by linearity. 

Corollary 1. The following formulae hold: 

N 

J2dwE{Xi)Xi = (3) 

8=1 

and 

N 

\\H\\ 2 = -Y J X i div E {X i ). (4) 
Proof. Formula ([3]) follows by substituting Equation ([2]) in 

JV N 
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N 

\\H\\ 2 = Y J < H > e i> 2 

i=l 
N 

= ^div^pQ) 2 
i=l 
N 

i,j,k=l 

N / / N \ \ JV 

fc=i V \t=i / / j=i 

N 

= -Y,Xi&v E {Xi). 

i=l 

□ 

3 Invariant and totally invariant measures 

A construction of a foliated Brownian motion (FoBM) with drift can be obtained 
via a Stratonovich SDE using the gradient vector fields X\,... Xjy defined before: 

N 

dX = V(X) dt + ^XiiX) 5B i ( ) 

i=i ^ ' 

k X = xq G M, 

where V is a section of E and (-B 1 , . . . ,B N ) is the standard Brownian motion on 
based on a filtered probability space (O, Tt-, J~, P). Lemma [1] guarantees that 
the infinitesimal generator associated to the process X t is given by £ = V + |A B . 

Alternative construction of a foliated Brownian motion is given via projection 
on M of a diffusion generated by standard vector fields in the orthonormal frame 
bundle, see [3]. 

Let Tt, with i > 0, be the Markov semigroup of operators associated to FoBM 
with drift acting on B% , the space of bounded measurable functions which are leafwise 
smooth. A measure fj, is invariant if J M T t f d[i = J M f/J- for all / € B^. It is 
equivalent to f (£/) dfj, = 0. The assumption of compactness of M guarantees the 
existence of invariant measures for foliated diffusions. 

A point x in M is called recurrent for the process X if for all open neighborhoods 
U of x we have P{uj G Q,X tk (u) € U for a sequence tk — > oo} = 1. A subset U of 
M is said to be saturated if it is the union of all the leaves passing through points 
of U, i.e. 

U L x C tf. 

Next proposition says that the support of any invariant measure is a saturated 

set. 

Proposition 2. Let X be a foliated Brownian motion with drift. The support of an 
invariant measure \i is a saturated Borel set contained in the set of recurrent points. 
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Proof. Denote by Pt(x,dy) the family of transition probabilities of the process. For 
x € supp(/Lt), by the action of T* in 5 X we have that 

swpp(P t (x,dy)) C supp(r 4 » = supp(/i), 

and L x C supp(Pt(a;, )) for any t > since the diffusion is nondegenerate in the 
leaves. Hence 

(J L x C supp(/x). 

xGsupp(/j) 

The result follows by the fact that supp(/f) is contained in the closure of the subset 
of recurrent points of M (Kliemann \\.'6\ Lemma 4.1]). 

□ 

The addition of a drift in the foliated Laplacian preserves Liouville type theorem 
for harmonic functions in foliated spaces (Garnett 



Corollary 2. Let X be a FoBM with drift and \x an invariant measure. Any function 

b 

Proof. Given such a function /, 



/ £ satisfying Cf = is constant on every leaf fi- a.s.. 



[ ||grad £ /|| 2 ^= / (C(f 2 )-2fCf)d f , = 0. 
Thus Hgradg/H = on a saturated set and therefore / is leafwise constant on the 

SUpp(//). □ 

Assume that the bundle E defining the foliation is oriented such that there exists 
a volume form on the leaves xe £ £l p (M) and v € T(A P E) with xe(v) = 1. A 
probability measure fi on M defines a p-current ipn : T(A P E*) — > R which for 
a € T(A P E*) is given by: 

V^(a) := / a(v) dfj,. 
Jm 

A measure [x is called totally invariant if the associated p-current ipn is a foliated 
cycle, that is Lxip^ = for any X G T(E) (Candel [5], Garnett [TT], Sullivan [17]). In 
terms of a foliated atlas, an alternatively description of a totally invariant measure (i 
is via the product of the volume measure on the leaves xe and a holonomy invariant 
measure v in the following sense: 



Jfd^=Y, j s (J p ^fXE^ du(P) 



where \ a is a partition of unity subordinated to a foliated atlas U = {(U a , ip a ) : a 6 
^4}, P are plaques in U a and S a are transversal in U a (see Plante [16j p. 330], Candel 
BlP-235]). 

The following theorem characterizes totally invariant measures in terms of stochas- 
tic flows. 

Theorem 1. A measure [i is totally invariant if and only if its associated p-current 
tpu is invariant by the flow of the gradient foliated Brownian motion for each oo a.s.. 
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Proof. Let fa denote the stochastic flow of the gradient FoBM with drift of Equation 
([5]). For any p-form a, following Kunita [13] Theorem 4.2, we have that 

ft N rt 

fact = a+ <f>* s Lya ds + ) / faLx^ 5B l s (6) 
Jo i=1 Jo 

= a+ L V (p*a ds + / L Xl 4>*a 5B\ 
Jo i=1 Jo 

where the 5 denotes the backward Stratonovich integral. 

Let fi be a totally invariant measure. By definition, the integrands of the last 
part of Equation Q vanishes for any p-form a. Hence ip^(faa) = ip^(a) a.s.. 

On the other hand, assume that for any p-form a in M we have that ip^{faa) = 
ipfj,(a) a.s.. Equation ([6]) and Doob-Meyer decomposition implies that ^^{Lya) = 
and ipALxi®) = for i = 1, . . . ,N. We have to prove that ip^(Lxce) = for all 
X 6 and all p— form a in M. Any p-form a can be written as a = fxE + P 

with f3 a p-form such that /3(f) = 0. 

We have that ip^LxP) = since 

p 

L Xf 3(v) = X((3(v)) - ^2g([X,Vj], Vj ) f3(v) = 
i=i 

for a local expression of v = v\ A • • • A v p in terms of orthonormal sections in T{E). 
Let X = ^2d = i a>iXi for some smooth functions a^. We have that 

M L x(fXE)) = M(X(f) + fdiv E (X)) X e) 

N 

= ( a i x i(f)XE + Xi(ai)fxE + a-ifLxiXE) 

8=1 

JV 

= ^2*Pv( L x t (faiXE)) 

i=i 
= 0. 

□ 

The group action of the flow fa in the p-current (p^ associated to a measure fi 
is a p-current <p^ t associated to a measure fit- In fact, direct calculation shows that 
fJ>t = fa* (detE(fa*)fi), where detE(fa*) = XE{fa*{v)) is the determinant in the leaf. 
Hence, the action of the flow fa in the p-currents induces an action of the flow in the 
space of measures given by fa * fi := fit- Denoting by 6t the canonical shift in the 
probability space the cocycle property of the flow implies that 

Corollary 3. The group action of the flow fa on the measures 

fit = fa *H = fa* (detect*)//) 
satisfies the cocycle property 

<f> s {6 t u) * fjL t (u) = Ht+s(u). 

A deterministic measure fx is totally invariant if and only if it is a fixed point of the 
action of fa a.s.. 
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Proof. The formula follows imediately from the group action of <pt on p-currents. 
Totally invariance comes from Theorem [TJ 

□ 

4 Ergodic Measures 

In this section we study the support of ergodic invariant probability measures in M 
for the foliated Brownian motion with drift. A minimal set K is a closed nonempty 
saturated set with the property that if K 1 C K is again a nonempty closed saturated 
set, then K = K' . A transitive set is a minimal set such that there exists at least 
one dense leaf, i.e. the transitive sets are closures of the leaves. Lemma [3] below 
implies that the support of ergodic measures always contains a minimal set. 

Lemma 3. Let /i be an ergodic invariant measure for the foliated Brownian motion 
with drift. The support supp(p>) is a transitive set. Moreover for any minimal set K 
we have that fJ>(K) = or /j,(K) = 1. 

Proof. For [i- almost every point x £ supp(/z) we have the weak limit: 

1 t* 

H(dy) = hm - / P s (x,dy) ds, (7) 

with 

supp(» = |J supp(Pi(x, dy)). (8) 
t>o 

But for all t > 0, supp(Pt(x, dy)) = L x , the leaf through x. 

The second statement is straighforward by invariance of K and ergodicity of fj,. 

□ 

Corollary 4. Let K C M be a minimal set. There always exists an ergodic measure 
suported on K. 

Proof. By compactness there always exists an ergodic measure fi with support con- 
tained in K. Lemma [3] implies that sup(/u) = K. 

□ 

4.1 Application to stable foliations: 

Consider the foliation of M given by a strongly stable diffeomorphism : M — > M, 
i.e. the leaf through a point x of M is given by 

L x = { y eM, d{^ n {x),(f) n {y)) ^0 as n -> oo}. 

A diffeomorphism cf) : M — > M is conservative if, for all nonempty measurable subset 
Ac M, we have that 

(t>- 1 (A)n ( j)- k (A) ^0 

for all j, k € N U {0}. A function / on M which is invariant by <f>, i.e. / = / o <p is 
constant in the leaves v-&.s. for any measure v which is ^-invariant, see Y. Coudene 
[S]. We have the following criteria to i^-ergodicity of <p: 
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Proposition 3. Let (j) : M — > M be a strongly stable conservative transformation 
which preserves a probability measure v. If v is equivalent to an ergodic harmonic 
probability measure \jl (w.r.t. FoBM) then v is ^-ergodic. 

Proof. Let AcMbe such that (p~ 1 (A) = A, hence for / = 1^ we have that 
/* = lim - / T s f(x) ds= [ f dp, (J,- a.s. 

t^oo t J J M 

On the other hand by the Coudene's result mentioned above [9] we have that / is 
constant in the leaves, hence Ttf = f, u-a.s. therefore f* = f z/-a.s.. 

□ 

4.2 Lyapunov Exponents 

Let 4>t be the stochastic flow associated to the foliated Brownian motion with drift 
of Equation ([5]) and consider p an ergodic invariant probability measure in M. The 
sum of the Lyapunov exponents As(x) at a point x € M including multiplicity is 
given by the limit 

As(x) = lim -ln|det(0t*(a;,))| 

t— >oo t 

which exists and is constant P x //-almost surely for (uj, x) G O x M according to 
(multiplicative) ergodic theorems for stochastic flows. Ito formulae for the logarithm 
of this determinant have been obtained by various authors: 



ln(|det(^(x))|) = V/ div(Xi)(<j> s (x)) dBl 
i=l J ° 

+ ^div(y) + i J^JTidivTO^ (</> a (x)) ds. 

Birkhoff's theorem in the skew-product flow (Furtenberg-Khasminskii type argu- 
ment) leads to the Baxendale's ergodic formula: 



As = j M ^div(F) + i X i div ( x ^ ^ 



[A — a.s.. (9) 



See e.g. Chapell [8], Arnold [T] and many references therein. 

We have the following expression which involves the geometry of the leaves for 
these ergodic theorems. 

Theorem 2. Let (i be an ergodic probability measure for a gradient foliated Brownian 
motion with drift V . Then the sum of the Lyapunov exponents is given by 

Ae = ~ /" {\\H\\ 2 - div E (2V - k) + 2g( K ,V)) dp. 
1 JM 

Proof. Using the formula of Corollary Q] and the definition of the tensor k we have 
that 
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JM 



dfj, 



□ 



Corollary 5. If the ergodic measure fi is harmonic totally invariant then the sum of 
the Lyapunov exponents depends only on the second fundamental form of the leaves: 



Proof With V = 0, use that J M div E X dfi = 0, for all X G T(E) see [3 Thm 4.3]. 

□ 
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